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∆P T =[∆Pijk ]i=1,...,ni ; j=1,...,nj ; k=1,...,nk ∈ <
(ni+1)×(nj+1)×(nk+1)
=[∆P000,∆P001,∆P002, . . . ,∆Pninjnk ].
·¸>¹
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k = 0, n′k.
· G½|¹
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φi < φi+1 i = 0, n
′
i − 1,
ψj < ψj+1 j = 0, n
′
j − 1,
θk < θk+1 k = 0, n
′
k − 1.
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fzn|±mn|b>^hf`nk {}nkgb>^h]&^`Qb}~d]&^hn$gbd»)bdg^q[|¨d^hNdQn|b>^`fhn|¾{Ln|[K|nkb*^hQb)~d]z^`n1^hNdQcdf`°kQ|¨dª&N)gNgj]zfhQ|c)y|fa¥
MNdQaf`Q±¶n|fhQ|¨@ypb gf`fhQkcdjypfUn|b>^`fhn|¾{Ln|[K|nkb­ypb©}Qn|b}]_gj~\QfhQa~ yk]Uy|b gb)~dgay/^`nkfUn|± y$n/ª P1yp^`cdfhg¢^q[{)y|fhy|PQ^`Qaf`gayp^`gn|b¾¥































∥∇δP (ξ, η, ζ)
∥
∥
∥ dξ dη dζ,
· Gk¹
ª&NdQaf`Q






∇gj]&g^h]&kfhyk~\gQab>^(^hQb)]`n|f¥+MNdQº±¶n|fhPcdjy· G|¹g]^hNdQPc)¢^hg~\gPRQb)]`gn|b)y| Q¼K^`Qab)]_gn|bnp±^`N)Qgb>^`Qa|fyp+· Gak¹¥
YKgb)Q
δP (ξ, η, ζ)
gj]n|bd[ HKbdn/ª&byp^

























































+ (∆P lijk−1 −∆P
l
i−1jk−1)
















+ (∆P lijk−1 −∆P
l
ij−1k−1)
















+ (∆P li−1jk −∆P
l
i−1jk−1)
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E(xc,W (xc)) = 0,
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y|b)~ −→σ ij ^`NdQgb>^`Qkfhy|@np±
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τ blmin = −1
y|b)~
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MNdQnk{\^`gPRgy/^`gn|bPRQ^`N)nK~c)]`Qa~$^`nRQay|~$^`NdQ]`Qay|fhN$gj]^`N)QV­cd¢^hg¢£³~\gf`Q^hgnkb)yp¾YKQypfN¦z|nkf`g^`N)P·¸VY\¦º¹~\Q°kQn|{d{LQa~
©K[ MFnkfhnkb  3 ¨ G 3 G¥ÉMNdgj]y|kn|fhg¢^hNdP9gj]gb)]`{dgf`Q~±¶fhn|P ^`NdQ7SzQa~\Qaf_£³V Qy|~]`gPR{dQ¼ PRQ^hNdn\~ ¥:MFnkfhn|b{dfhn|{Lnk]`Qa~
PRn\~\g»}yp^`gn|b)]^`n7n|fhfhQa^]_nkPQ*np±Ug^h]~\fy½ª&©)y|H\]a¥ l%y|f_^hgcdjypfh[k¨%y{dfhn>n|±&np±n|bK°|Qaf`kQb)Qgj]t|g°|Qbcdb)~\Qafyk]`]`gayp
yk]`]`cdPR{\^`gn|b}]znkb)Qaf`bdgbdt^`NdQf`Qa|cdjypfhg¢^q[1n|±












































































i + (1− γ)v
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i + (1− β)v
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gj](^`NdQab*QPR{dn/[|Q~R^`ny|~dy|{\^ ^hNdQºPRy|{d{dgbd)¨K©LQ±¶nkf`QºybdQaªn|{\^hgPRgayp^`gn|b${dfhn|©)QaPÉgj]]_nk°kQa~Rc)]`gbd^hNdQºyk~dyp{d^`Qa~*{)ypfypP£
Q^`Qfhgay/^hgnkb1ypb)~fhQ£¤gbdg^`gjypggbd^`NdQU{df`nk©dQP ±¶fhn|P ^`NdQUgbdg^`gjypL]_N}yp{LQ·¸SU¦UÊ¦ |.G½º]_Q^`gn|bL¹¥%MNdQzNdgj]q^hn|fhgQ]%np±@^`N)QUn>]q^
±¶cdb}^`gn|b}]U~\cdfhgbd$©Lnp^`N nk{\^`gPRgy/^hgnkbQ¼\Qfgj]_Q]zypfhQ~\Q{dgj^hQa~ gb»)kcdf`Q$· G 3 ¹¥&¦U]Uaypb©LQ]_QaQb¾¨)^`NdQ{)ypfypPRQ^hQfhgy/^hgnkb
yk~dyp{\^hgnkb[KgQj~d]zyR]`n/ªQfnkb>°kQfh|Qab)QU^`n/ªypf~d]ytn/ª {LQf`±¶n|fhP1ypb)Q~\Qa]`gkb¾¥















coarse + adaption (re-initialized)
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²g|cdfhQ· GJp¹${df`Q]_Qab>^h]*ynkP{}ypfhg]`n|bnp±^hNdQ7f`Q]_cd^h]*n|©\^ypgbdQa~c)]_gbd^`NdQ7nky|fh]`Q­{)y|fhy|PRQ^`Qaf`gayp^`gn|b ·¶ª&g^`N ypb)~
ª&g^`Ndnkc\^yk~dyp{d^`gn|b}¹ y|b)~ºc)]`gbdz^`NdQ(PQ~\gcdP {}ypfypPRQ^hQfhgy/^`gn|bR·¶ª&g^`N)n|c\^%y|~dy|{\^`gn|b}¹ gb^hQfhPR]Fnp±\bKcdP©LQf
np±\Q°/y|c)yp^`gn|b)]a¥
(©K°Kgnkc)]`[k¨\g¢^zgj]&y|~\°/y|bk^ypkQn|c}]m^hn$NdnKnk]`QºyRn>ypf]_Qaf(©)c\^y|~)yp{\^hQa~{)ypfypPRQ^hQfhgy/^hgnkb¾¥
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^`NdQnk]_^±¶cdb)^hgnkbª¥ f¥ ^¥%^`NdQbKcdPt©}Qaf&np±%Q°/ypc)yp^`gn|b)] 
+PRQa~\gcdP {)ypfypPRQ^hQfhgy/^hgnkb*c)]`gb)t^hNdQ
VYd¦ PQ^`Ndn\~ ¨}ª&g¢^hN ypb)~ª&g¢^hNdn|cd^Uy|~dy|{\^`gn|b¾¥


















*»)bdQ{)ypfypPRQ^`Qfhgay/^hgnkb¬c)]`gbd§^`N)QVYd¦ PRQ^`Ndn\~ ¨(ª&g¢^hN y|b)~¡ª&g^`Ndnkc\^
yk~dyp{\^hgnkb¾¥
W1WYXZU[\]\
|   	" 
    0/)- 
/ ! 	+ 
 


















bdn/ª ]_^`c}~\gQ~ ¨@±¶n|fºª&NdgjNy|~)yp{\^hgnkb­g]fhQa]`{}Q^`g°|Qa[{LQf`±¶n|fhPRQa~ Qa°|Qfh[k$g^`Qafhyp^`gn|b)]a¨ p$g^`Qafhyp^`gn|b)]ypb)~ Ga1g^`Qafhyp^`gn|b)]a¥
MNdQn|bK°kQfh|Qb}QNdgj]q^hn|fhgQ]%±¶n|f ^`NdQ]_Q&^hNdfhQQUay|]`Qa]my|f`Qz~\Qa{dgj^`Q~Rgb$»)|cdfhQa]U·B-G¹%^`n·B||¹¥+¦U](ypb1©LQU]`QQab¾¨kfhQa]`cd^h] c)]_gbd
yk~dyp{\^hgnkb1Q°kQfh[kg^`Qafhyp^`gn|b)] ypfhQ&°|Qfh[tn>]_Qz^`n^hNdnk]`Qzc)]`gb)y|~dy|{\^`gn|b$yp^(nkb>°kQfh|Qab)Q·Á»}|cdfhQ·B.G¹_¹¥+SzQ°kQf`^`NdQaQ]`]a¨|g^
{dfhn/°|Q]@^`N}y/^yk~dyp{d^`gn|by|b©}Qy|f`fhgQ~ºn|c\^F©LQ±¶nkf`Q ^`NdQ ±¶cd>n|bK°|Qaf`kQb)Qgj]¾fhQaykNdQa~¾¥  NdQbty|~dy|{\^`gn|bgj]¾{LQf`±¶n|fhPRQa~Q°kQfh[






















coarse + adaption 
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coarse + adaption 




















coarse + adaption 
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VYd¦ PQ^`Ndn\~ ¨}ª&g¢^hN ypb)~ª&g¢^hNdn|cd^z{df`nk|fhQa]h]_g°|Qºy|~dy|{\^`gn|b7·¶Qa°|Qfh[ Gtg^`Qafhyp^`gn|b)]¹¥
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medium + adaption ( 10 it )
²g|cdfhQp 
 zgj]q^hn|fh[$np±
^`NdQnk]_^±¶cdb)^hgnkbª¥ f¥ ^¥%^`NdQbKcdPt©}Qaf&np±%Q°/ypc)yp^`gn|b)] 
+PRQa~\gcdP {)ypfypPRQ^hQfhgy/^hgnkb*c)]`gb)t^hNdQ




















fine + adaption ( 10 it )
²g|cdfhQ J 
 zgj]q^hn|fh[¬np±z^hNdQ nk]_^±¶c)b)^hgnkb 
*»)bdQ{)ypfypPRQ^`Qfhgay/^hgnkb¬c)]`gbd§^`N)QVYd¦ PRQ^`Ndn\~ ¨(ª&g¢^hN y|b)~¡ª&g^`Ndnkc\^
{dfhn|kf`Q]`]`g°|Qyk~dyp{d^`gn|b«·¶Q°kQfh[ Gag^`Qfy/^hgnkb)]¹¥
W1WYXZU[\]\
3    	" 
















fine + adaption ( 20 it )
²g|cdfhQK 
 zgj]q^hn|fh[¬np±z^hNdQ nk]_^±¶c)b)^hgnkb 
*»)bdQ{)ypfypPRQ^`Qfhgay/^hgnkb¬c)]`gbd§^`N)QVYd¦ PRQ^`Ndn\~ ¨(ª&g¢^hN y|b)~¡ª&g^`Ndnkc\^
{dfhn|kf`Q]`]`g°|Qyk~dyp{d^`gn|b«·¶Q°kQfh[*pg^`Qfy/^hgnkb)]¹¥
{)ypfypPRQ^hQfhgy/^hgnkb y|~dy|{\^`gn|b^q[K{}Q nk]_^±¶cdb)^hgnkb
nky|fh]`Q bdn1y|~)yp{\^hgnkb )¥ |p
nky|fh]`Q y/^Un|bK°|Qaf`kQb)Q )¥  K 3
nky|fh]`Q Qa°|Qfh[1kg^`Qafhyp^`gn|b)] )¥  Kp
nky|fh]`Q Qa°|Qfh[*pg^`Qafhyp^`gn|b)] )¥ >|
nky|fh]`Q Qa°|Qfh[ Gag^`Qafhyp^`gn|b)] )¥ K|
PRQa~\gcdP bdn1y|~)yp{\^hgnkb )¥ >.G
PRQa~\gcdP y/^Un|bK°|Qaf`kQb)Q )¥ kk
PRQa~\gcdP Qa°|Qfh[ Gag^`Qafhyp^`gn|b)] )¥ kk
»)bdQ bdn1y|~)yp{\^hgnkb )¥ kk
»)bdQ y/^Un|bK°|Qaf`kQb)Q )¥ K|
»)bdQ Qa°|Qfh[*pg^`Qafhyp^`gn|b)] )¥ >.G
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³b ^hNdQ­{dfhQ°Kgn|c)]*]_Q^`gn|b}]¨&g^ªy|]$]`Ndn/ª&b ^`N}y/^yk~dyp{d^`gn|b y|b gPR{dfhn/°|Q^hNdQQ 1gQab)[ np±^hNdQ§]`N)yp{LQ­nk{\^`gPRgy/^`gn|b
{dfhn\Q~\cdfhQ|¥%Szn/ª¨Kª(QU^`fh[^`nc)b)~\Qf]_^hypb}~R^`NdQf`Qy|]`n|b)] np± ^hNdQa]`QUfhQa]`cd^h](©>[1y|b)yp[KgbdPRn|fhQ]`{}Qg»}y|[t^`NdQyk]_Qc)]_gbd
^hNdQPRQa~\gcdP {}ypfypPRQ^hQfhgy/^`gn|bF¥
A  A !5   Ç  > \;¸ Ç=< Ç9 T Ã ¡ >O> ; <
 9  < p&; Ç< 
MNdQN)g]_^`nkf`[1n|±
^hNdQy|~dy|{\^`gn|bn>]q^±¶cdb)^`gn|bgj]&~\Q{dgj^hQa~gb»}|cdfhQ1·Bpk¹¨\±¶nkf^`NdQ^qªnyk~dyp{d^`gn|b)]^hN)y/^zypfhQ]_c}Q]`]`g°|Q[
{LQf`±¶n|fhPRQa~ y/^*n|bK°|Qaf`kQb)Qn|±^`NdQ­nk{\^`gPRgy/^hgnkb {)f`n\Q~\cdfhQ¡·Á»)f]_^*n|bdQ gb ©dcdQ|¨z]`Qan|b)~ nkbdQ gb fhQa~}¹¥ (©K°>gn|c}]_[|¨
^hNdQ y|~dy|{\^`gn|bnk]_^±¶cdb}^`gn|b °/ypcdQg]tQaf`n±¶n|f^`NdQgbdg¢^hgy|&]_N)y|{}Qk¥¡MNdQbF¨+^`Ndgj]t»)|c)f`Q]_N)n/ªz]^`N}y/^1QaykN¡np±z^hNdQ^qª(n
nk{\^`gPRgy/^`gn|b*{df`n\Qa]h]_Q]%gb)f`Qy|]`Qa]%^hNdQUgfhf`Qa|cdjypfhg¢^q[tnp±@^`N)Q~\Q±¶n|fhPRyp^`gn|bR»)Qa~¾¨>]`gb}Qz^hNdQzgbdg^`gjypL°½y|c)Qa]mn|± ^`NdQºy|~dy|{\^`gn|b
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adaption every 10 it
adaption at convergence
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MNdQUn|{\^hgP1yp}]_N)y|{}Q]%±¶n|c)b)~Rc)]`gbd^hNdQzgbdg^`gjyp){}ypfypPRQ^hQ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